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1. Introduction
In papers [11,12] K.H. Leung and S.H. Man proved that any Schur ring (S-ring) over a ﬁnite cyclic
group can be constructed from special S-rings by means of two operations: tensor product and wedge
product (as for a background of S-rings see Section 7). This theorem supplemented with the normality
theory from [5] enabled to get a series of strong results in algebraic combinatorics [5,6,10,14].
To generalize the Leung–Man theorem in some way to S-rings over an arbitrary abelian group, the
notion of an S-ring over a commutative ring R 3 was introduced in [7]; by deﬁnition any such ring is
an S-ring over the additive group R+ of the ring R that is invariant with respect to its multiplicative
group R× . It should be noted that by the Schur theorem on multipliers any S-ring over a cyclic group
of order n can be treated as an S-ring over the ring R = Zn of integers modulo n. We observe that in
this case R is the direct product of Galois rings of coprime characteristics with prime residue ﬁelds.
Thus it is natural to generalize the Leung–Man theorem to S-rings over the products of arbitrary
Galois rings of coprime characteristics. In the present paper (which is the ﬁrst step in the indicated
direction) we do this when R is a Galois ring of odd characteristic with the special rings being S-rings
of rank 2 and pure cyclotomic S-rings deﬁned in Section 2. Only one operation is needed here: it is
the generalized wreath product also deﬁned in that section.
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non-trivial generalized wreath product.
Theorem 1.1 is an immediate consequence of Theorems 2.11 and 5.1 proved in this paper. Indeed,
let A be a non-rank 2 S-ring over a Galois ring of odd characteristic. If A is not a non-trivial gener-
alized wreath product, then by Theorem 2.11 the hypothesis of Theorem 5.1 is satisﬁed. Thus by the
latter theorem the ring A is pure cyclotomic.
As it was said above the Leung–Man theorem was substantially strengthened in [5]. The key point
there is the notion of a normal S-ring over a group. The analog of normality for S-rings over a ring
is introduced in Section 2.3. It should be noted that the 1–1 correspondence between normal S-rings
and normal Cayley schemes over a group that was deﬁned in [5, Section 4.3], induces a 1–1 corre-
spondence between normal (resp. pure) cyclotomic S-rings and normal (resp. corresponding to pure
groups) cyclotomic schemes over a ring deﬁned in [8, Section 1].
Let A be a normal S-ring over a Galois ring of odd characteristic. Then by Corollary 2.14 and The-
orem 5.1 we conclude that either A is pure cyclotomic or rk(A) = 2. However, in the latter case from
Theorem 2.12 and Corollary 2.3 it follows that A is also cyclotomic. Thus using the characterization
of normal cyclotomic schemes over a Galois ring of odd characteristic given in [8] we obtain the
following result.
Theorem 1.2. An S-ring A over a Galois ring R of odd characteristic is normal if and only if A is pure cyclo-
tomic, and rk(A) > 2 unless R is a ﬁeld of order 3.
The following statement is straightforward from Theorems 1.1 and 1.2.
Theorem 1.3. Any S-ring over a Galois ring of odd characteristic is either normal, or of rank 2, or a non-trivial
generalized wreath product.
Concerning ﬁnite rings and permutation groups we refer to [13] and [3]. To make the paper self-
contained, we cite the background on Schur rings and Galois rings in Sections 7 and 3 respectively.
In the latter section we also study multiplicative subgroups in Galois rings. The theory of S-rings over
a commutative ring is the subject of Sections 2 and 4. Theorem 6.1 used in Section 4 is proved in
Section 6. Finally, Section 5 contains Theorem 5.1 which is a key point for Theorem 1.1.
Notation. As usual by Z, Q, C we denote the ring of integers, the ring of rationals and the ﬁeld of
complex numbers respectively.
For a commutative ring R with identity we denote by R× and rad(R) the multiplicative group of R
and the radical of R respectively.
The set of all ideals of R is denoted by I(R). Given I ∈ I(R) we denote by I+ the additive group
of I , and by πI the natural epimorphism from R to R/I .
For a set X ⊂ R we denote by IU(X) the smallest ideal of R containing X , and by IL(X) the largest
ideal I of R such that X + I = X . Also we set
ann(X) = {r ∈ R: r X = {0}}
and write ann(r) instead of ann({r}) for r ∈ R .
The group ring of a group G over R is denoted by RG. For X ⊂ G we set ξ(X) =∑x∈X x.
The group of all permutations of R of the form x → axσ + b where a ∈ R× , b ∈ R , σ ∈ Aut(R), is
denoted by AL1(R). The stabilizer of the point 0 in the latter group is denoted by L1(R).
For a ﬁnite local commutative ring R the Teichmüller group and the group of principal units are
denoted by T and U respectively. Then
R× = T × U,
and the groups T and U = 1+ rad(R) are a cyclic group of order q−1 and an abelian p-group respec-
tively, where q and p are the order and the characteristic of the residue ﬁeld R/ rad(R) respectively.
The cardinality of a ﬁnite set X is denoted by |X |.
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2.1. Let R be a ﬁnite commutative ring with identity. In this paper we consider the permutation
group induced by the action of the group R× on the set R by multiplication. It is a subgroup of the
group Aut(R+), leaves any ideal of R ﬁxed, and has R× as a regular faithful orbit.
Let A be an S-ring over the group R+ . The following deﬁnition is taken from [7].
Deﬁnition 2.1. We say that A is an S-ring over the ring R if it is invariant with respect to the action
of the group R× on ZR+ by multiplication.
This is equivalent to say that uX ∈ S(A) for all u ∈ R× and X ∈ S(A). The S-ring of rank 2 and
the group ring are obvious examples of S-rings over the ring R . One more example generalizing the
latter one is given in the paragraph after the next one.
It should be remarked that there is a lot of S-rings over R+ that are not S-rings over R . For
example, if R is a ﬁeld, then any S-ring over R is cyclotomic (Corollary 2.3). Therefore the number
of all of them is at most |R×|, whereas the number of S-rings over the group R+ can be much
larger (because R+ is an elementary abelian group in this case). An explicit example is as follows: let
|R| = pn where p is a prime and n 2, and H a proper subgroup of G = R+ . Then the S-ring over G
with the basic sets {1G }, H \ {1G } and G \ H is not an S-ring over the ﬁeld R because otherwise we
should have |H| − 1 = |G| − |H| which is impossible.
Let K be a subgroup of R× . Then, obviously, K acts faithfully on the group ring ZR+ and the set
of all K -invariant elements of it forms an S-ring over the group R+ . It is called a cyclotomic one and
is denoted by Cyc(K , R). The basic sets of this ring are exactly the orbits of K on R and hence
Cyc(K , R) = span{ξ(X): X ∈ Orb(K , R)}.
In fact, Cyc(K , R) is an S-ring over the ring R because the group R× permutes the orbits of K . Since
the group K acts semiregularly on R× , the cyclotomic rings are in 1–1 correspondence to the sub-
groups of R× .
In the following statement we describe the structure of a basic set of an S-ring over a ring.
Theorem 2.2. Let A be an S-ring over a commutative ring R and X ∈ S(A). Then there exists a set X0 ⊂ X
such that xR× ∩ yR× = ∅ for all distinct x, y ∈ X0 , and
X =
⋃
x∈X0
xK (disjoint union) (1)
where K = {u ∈ R×: uX = X}.
Proof. The set X is obviously K -invariant. So it is the disjoint union of some K -orbits. Take an ele-
ment in each of them and denote the obtained set by X0. Then X0 ⊂ X and (1) holds. To complete
the proof suppose that xR× ∩ yR× = ∅ for some x, y ∈ X0, x = y. Then ux = y where u ∈ R× . We note
that uX ∈ S(A) (Deﬁnition 2.1). Since X ∩ uX = ∅, this implies that X = uX . But then u ∈ K , which
contradicts the choice of x and y. 
Corollary 2.3. In the condition of Theorem 2.2 suppose in addition that X ⊂ R× . Then X ∈ Orb(K , R). In
particular, any S-ring over a ﬁeld is a cyclotomic one.
For an S-ring A over the ring R set
I(A) = {I ∈ I(R): I ∈ S∗(A)}
where the set S∗(A) is deﬁned as in Section 7.1. The elements of I(A) are called A-ideals of R . We
say that A is R-primitive if 0 and R are the only A-ideals of R .
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R-primitive S-ring is either of rank 2 or cyclotomic.4 In the latter case, R is a ﬁeld.
Corollary 2.5. Let R be a local commutative ring other than a ﬁeld. Then any R-primitive S-ring is of rank 2.
Let R be an arbitrary commutative ring and I ∈ I(A). Then the S-ring AR+/I+ is an S-ring over the
group (R/I)+ = R+/I+ . Since the ring A is R×-invariant, the latter S-ring is (R/I)×-invariant. Thus it
is an S-ring over the quotient ring R/I; we will denote it by AR/I .
2.2. Let A be an S-ring over a ring R and X ∈ S∗(A). It is well known from elementary theory of
S-rings over abelian groups, that the smallest group U0  R+ for which X ⊂ U0, and the largest group
L0  R+ for which L0 + X = X , are A-subgroups. By Deﬁnition 2.1 this implies that the groups
U =
∑
u∈R×
uU0, L =
⋂
u∈R×
uL0
belong to the set H(A). Clearly, U  IU(X), L  IL(X) and R×U = U , R×L = L. On the other hand,
suppose that the ring R is generated by the units. Then any R×-invariant subgroup of R+ is an ideal
of R . Thus in this case IU(X) = U and IL(X) = L, and hence IU(X) and IL(X) are A-ideals of R . This
proves the following statement.
Theorem 2.6. Let A be an S-ring over a commutative ring R. Suppose that R is generated by the units. Then
IU(X), IL(X) ∈ I(A) for all X ∈ S∗(A).
Corollary 2.7. Let A be an S-ring over a local commutative ring. Then IU(X), IL(X) ∈ I(A) for all X ∈ S∗(A).
Proof. Follows from Theorem 2.6 because each element of the radical of a local commutative ring is
the difference of two units. 
It is easily seen that given X ⊂ R we have
IL(X) = IL(uX) for all u ∈ R×. (2)
Therefore from Deﬁnition 2.1 it follows that the ideal IL(X) does not depend on the set X ∈ S(A)
such that X ∩ R× = ∅. We denote this ideal by IL(A).
Theorem 2.8. Let A be an S-ring over a local commutative ring R. Then IL(A) = 0 if and only if there exist
proper ideals I, J ∈ I(A) such that
J ⊂ IL(X) ∩ I for each X ∈ S(A) with X ⊂ R \ I. (3)
Proof. The suﬃciency immediately follows from the deﬁnitions. To prove the necessity suppose that
IL(A) = 0. Set J = IL(A) and I a maximal element in the set {I ′ ∈ I(A): J ⊂ I ′ = R}. Clearly, J ⊂ I .
Take X ∈ S(A) such that X ⊂ R \ I . Then X ∩ R× = ∅, for otherwise the ideal generated by X and I
is contained in rad(R) and belongs to I(A) (Corollary 2.7), which contradicts the maximality of I . So
IL(X) = J by the deﬁnition of IL(A). Thus (3) holds. Since J = IL(A) = 0 and I = R , we are done. 
If (3) holds for some ideals I, J ∈ I(A), we say that A is a generalized wreath product or that
A satisﬁes the I/ J -condition. Clearly, it is true whenever I = R or J = 0. Theorem 2.8 shows that
IL(A) = 0 if and only if the S-ring A is a non-trivial generalized wreath product in the sense of the
following deﬁnition, the second part of which is a special case of [5, Deﬁnition 5.2].
4 In the conditions of the theorem “R-primitivity” is equivalent to “quasiprimitivity” in sense of [7] (see the remark before
Theorem 1.3 of that paper).
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I, J ∈ I(A) such that (3) holds. In this case we also say that A satisﬁes the I/ J -condition non-
trivially.
It should be noted that in the sense of [4] the S-ring A satisfying the I/ J -condition is the
(standard) generalized wreath product of the S-rings AI and AR/ J over the groups I+ and (R/ J )+
respectively. Moreover, the latter S-ring can be treated as an S-ring over the ring R/ J whereas the
former one when I is a principal ideal can be treated as an S-ring over the ring R/ann(I).
2.3. Following [8] a non-empty set X ⊂ R is called pure if IL(X) = 0. This means that the only ideal
I for which X + I = X is the zero one. Due to (2) the sets X and uX are pure or not simultaneously.
Therefore any subset of a pure orbit of a subgroup of R× is also pure. It should be noted that if
X is such a pure orbit, the set πI (X) where I is an ideal of R , is not necessarily pure. However, if
I = IL(X), the set πI (X) is pure for all X ⊂ R .
Deﬁnition 2.10. The S-ring A is called pure if IL(A) = 0.
It follows that A is pure if and only if some (and hence any) X ∈ S(A) such that X ∩ R× = ∅ is
pure. The S-rings of rank 2 are obvious examples of pure S-rings. If K  R× is a pure group (i.e. pure
as a subset of R), then the cyclotomic ring Cyc(K , R) is also pure. Non-pure S-rings over a local ring
can be characterized by means of Theorem 2.8 as follows.
Theorem 2.11. An S-ring over a local commutative ring is not pure if and only if it is a non-trivial generalized
wreath product.
We say that an S-ring A over a commutative ring R is normal if
Aut(A) L1(R) (4)
where the group Aut(A) is deﬁned as in Section 7.1. Suppose that rk(A) = 2. Then obviously
T Aut(A) = Sym(R) where T is the group of all translations of R; in particular, the group T Aut(A)
is primitive. On the other hand, if the ring R is local, then rad(R) is a block of the group AL1(R)
Sym(R). Since any block of a primitive group is trivial, we come to the following statement.
Theorem 2.12. Let A be a normal S-ring over a local commutative ring R. If rk(A) = 2, then R is a ﬁeld.
The following statement provides a necessity condition for a cyclotomic S-ring over a Galois ring
to be normal (cf. [8, Theorem 1.4]).
Theorem 2.13. Let A be a normal S-ring over a local commutative ring R with the residue ﬁeld of order q.
Suppose that A satisﬁes the I/ J -condition non-trivially for some ideals I, J ∈ I(R). Then q = 2 and J ⊂
ann((2, rad(R)2)).
Proof. By the theorem hypothesis we have I ⊂ rad(R) and J = 0. The inclusion together with Theo-
rem 7.2 imply that given a ∈ J the permutation fa ∈ Sym(R) deﬁned by
x fa =
{
x+ a, if x ∈ U,
x, otherwise,
belongs to Aut(A) where U is the group of principal units of R . On the other hand, from the normality
of A it follows that x fa = bxσ for some b ∈ R× and σ ∈ Aut(R), and all x ∈ R . Since 1 fa = a + 1, we
conclude that b = a + 1. Thus,
xσ = x/(1+ a), x ∈ R \ U . (5)
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x ∈ R× where T is the Teichmüller group of R , we see that σ leaves ﬁxed each element of T .
Therefore t = tσ = t/(1 + a) for all t ∈ T \ {1}. If q > 2, then the latter set is not empty whence it
follows that a = 0. Thus in this case J = 0. Contradiction. This proves that q = 2. But then 2 ∈ rad(R),
and hence due to (5) we have 2 = 2/(1 + a). So 2a = 0 and J ⊂ ann(2). On the other hand, given
x, y ∈ rad(R) we have
xy/(1+ a) = (xy)σ = xσ yσ = xy/(1+ a)2,
whence it follows that axy = 0. Therefore J ⊂ ann(rad(R)2). 
Corollary 2.14. Any normal S-ring over a Galois ring of odd characteristic is pure.
Proof. Follows from Theorems 2.13 and 2.11. 
3. Multiplicative subgroups in Galois rings
3.1. Following [13, Section XVI] a local ring R is called Galois if it is a Galois extension of the prime
ring Zpn for some prime p and positive integer n, or equivalently if rad(R) = pR . Given positive inte-
gers n,d there exists a unique (up to isomorphism) Galois ring of characteristic pn with the residue
ﬁeld of order q = pd; it is denoted by GR(pn,d). We observe that
GR(p,d) ∼= GF(pd), GR(pn,1)∼= Zpn .
Each ideal of the Galois ring GR(pn,d) = R other than R is of the form pi R , i = 1, . . . ,n, and the
corresponding quotient ring is isomorphic to GR(pi,d). It is known that R+ is a homocyclic p-group
of rank d and exponent pn , i.e. it is isomorphic to a direct product of d cyclic p-groups of order pn .
If p is odd, then the group U = 1 + pR is homocyclic of rank d and exponent pn−1; the set of its
elements of order dividing pn−i equals Ui = 1+ pi R , i = 1, . . . ,n.
In this subsection we deduce several consequences from the following statement proved in
[8, Theorem 6.6].
Lemma 3.1. Let R be a Galois ring of odd characteristic, K  R× a group and I ∈ I(R). Then the group πI (K )5
is pure whenever so is K .
The following general lemma will be used in proving Theorem 3.3 below.
Lemma 3.2. Let R be a commutative ring. Then given r ∈ R and X ⊂ R we have
rπ−1
(
IL
(
π(X)
))= IL(r X)
where π = πI with I = ann(r).
Proof. Denote by f the R-module endomorphism x → rx of R . Then ker( f ) = ann(r) and im( f ) = rR .
Therefore f induces an R-module isomorphism g : R/I → rR . Clearly, g induces a bijection from the
set { J ∈ I(R): J ⊃ I} onto the set { J ∈ I(R): J ⊂ rR}. So
g
(
IL(Y )
)= IL(g(Y )), Y ⊂ R/I. (6)
(Here IL(Y ) ∈ I(R/I) and IL(g(Y )) ∈ I(R), see Notation.) Besides, ker(π) = ker(g). So g(Y ) =
f (π−1(Y )) for all Y ⊂ R/I . Thus from (6) we obtain that
rπ−1
(
IL
(
π(X)
))= f (π−1(IL(π(X))))= IL( f (X))= IL(r X)
for all X ⊂ R . 
5 As for the deﬁnition of the epimorphism πI see Notation.
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i is a non-negative integer; the corresponding set of K -orbits is denoted by Orb(K , pi R×).
Theorem 3.3. Let R = GR(pn,d) with p odd, and K  R× . Then given i ∈ {0, . . . ,n} we have
(1) IL(π(K )) = π(IL(K )) where π = πpn−i R ,
(2) IL(X) = pi IL(K ) for all X ∈ Orb(K , pi R×).
Proof. Let us prove statement (1). From Lemma 3.1 it follows that this statement is true when the
group K is pure. Suppose that IL(K ) = 0. By induction without loss of generality we can assume that
i = n−1. However, in this case IL(K ) ⊃ pn−1R and hence the equality IL(π(K )) = π(IL(K )) is obvious.
To prove statement (2) let X = xK where x = piu with u ∈ R× . Then by statement (1) and Lemma 3.2
with r = x and X = K we have
IL(X) = IL(xK ) = xπ−1 IL
(
π(K )
)= xπ−1(π(IL(K )))
= xIL(K ) = piuIL(K ) = pi IL(K ). 
Corollary 3.4. Any orbit of a pure multiplicative subgroup in a Galois ring of odd characteristic is pure.
The following useful statement is one more consequence of Lemma 3.1. It can also be easily de-
duced from the homocyclicity of the group U (in the odd characteristic case) by means of the theorem
on a basis of a p-group [1, p. 105, Proposition 23.1].
Lemma 3.5. Let R = GR(pn,d) with p odd, K  U and Ki = K ∩ Ui where i = 1, . . . ,n. Then for any i ∈
{1, . . . ,n − 1} we have [Ki : Ki+1] pd with the equality attained if and only if Ki = Ui .
Proof. Clearly, [Ki : Ki+1]  [Ui : Ui+1] = pd for all i. If Ki = Ui for some i, then Ki+1 = Ui+1 and
hence [Ki : Ki+1] = pd . Let us prove the converse statement by induction on n − i. It is easily seen
that if i = n − 1, then Ki+1 = Ui+1 = {1} and hence |Ki | = pd = |Ui |. Since Ki  Ui , this shows that
Ki = Ui . Suppose that i < n − 1. Then Ki+1 ∩ Un−1 = Ki ∩ Un−1, and hence
[
π(Ki) : π(Ki+1)
]= [Ki/(Ki ∩ Un−1) : Ki+1/(Ki+1 ∩ Un−1)]
= [Ki/(Ki ∩ Un−1) : Ki+1/(Ki ∩ Un−1)]= [Ki : Ki+1] = pd
where π = πpn−1R . On the other hand, obviously π(Ki) = π(K )i and π(Ki+1) = π(K )i+1. Then by
the induction hypothesis (applied to the ring π(R) = GR(pn−1,d), the group π(K ) and i) we have
π(Ki) = π(Ui). However, IL(Ki) = 0, for otherwise IL(π(Ki)) = 0 by Lemma 3.1 and then π(Ui) =
π(Un) which is impossible because i < n − 1. Therefore Un−1  Ki and hence Ki = π−1(π(Ki)) =
π−1(π(Ui)) = Ui . 
3.2. In this subsection basing on the properties of multiplicative subgroups in a Galois ring we
prove Theorem 3.7 which will be used in Section 5. We need the following lemma. Below for a
ring R , a set X ⊂ R and an ideal I ∈ I(R) we set XI,x = X ∩ (x+ I) for all x ∈ R .
Lemma 3.6. Let R = GR(pn,d) with p odd, K a subgroup of R× with IL(K ) = pn−l R where l  1, and J =
pmR an ideal of R with m n. Suppose that for some y ∈ pl−1R× , z ∈ pl R× we have
|Y J ,y| = |Z J ,z|
where Y = yK , Z = zK . Then m = n whenever lm − 1.
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X J ,x = X ∩ (x+ J ) = x(K ∩ Um− j) = xKm− j
where for any i = 1, . . . ,n we set Ki = K ∩ Ui . Besides, Un− j  Um− j because m  n, and Un− j  K
because j  l. Therefore, Km− j  Un− j . Since the point stabilizer (R×)x of x in R× equals Un− j , it
follows that (Km− j)x = Un− j and hence |(Km− j)x| = |pn− j R| = p jd . Thus,
|X J ,x| =
[
Km− j : (Km− j)x
]= |Km− j|/p jd.
By the lemma hypothesis this implies that
|Km−l+1|/p(l−1)d = |Y J ,y| = |Z J ,z| = |Km−l|/pld
whence [Km−l : Km−l+1] = pd . By Lemma 3.5 we have Km−l = Um−l , and hence Um−l  K . Therefore
pn−l R  IL(K ) pm−l R . Since m n, it follows that m = n. 
Theorem 3.7. Let A be a pure S-ring over a Galois ring R of odd characteristic pn. If rk(A) > 2, then rad(R) is
an A-ideal of R.
Proof. Take X ∈ S(A) such that X ∩ R× = ∅, and set
J = max{I ∈ I(A): X ⊂ R \ I}.
It suﬃces to show that J = rad(R). Suppose that this is not true. Then J = pmR where 2 m  n.
First, we observe that the set Xi = X ∩ pi R× is non-empty for i = 0, . . . ,m − 1, or equivalently that
tr(X) = R \ J where
tr(X) =
⋃
u∈R×
uX .
Indeed, tr(X) is an A-subset of R such that R× ⊂ tr(X) ⊂ R \ J . Therefore, if tr(X) = R \ J , then
one can ﬁnd a set Y ∈ S(A) such that Y ⊂ rad(R) \ J . This implies that J  IU(Y ) ⊂ rad(R) which
contradicts the deﬁnition of J by Corollary 2.7. Thus all the Xi ’s are non-empty and
∣∣(Xi) J ,y∣∣= |X J ,y| = |X J ,z| = ∣∣(X j) J ,z∣∣, y ∈ Xi, z ∈ X j, i, j = 0, . . . ,m − 1 (7)
(see equality (20)).
Next, set K = {u ∈ R×: uX = X}. Then by Theorem 2.2 we have
Xi ∈ Orb
(
K , pi R×
)
, i = 0, . . . ,m − 1. (8)
Let us deﬁne a non-negative integer l by the condition IL(K ) = pn−l R . Since m  2, there exists x ∈
X ∩ rad(R). Then obviously (1 + I0){x} = {x} where I0 = pn−1R . This implies that (1 + I0)X = X and
hence 1 + I0  K . Therefore I0 ⊂ IL(K ) whence it follows that l  1. On the other hand, due to (8)
from statement (2) of Theorem 3.3 it follows that
IL(Xi) = pn−l+i R, i = 0, . . . ,m − 1. (9)
Thus, l m − 1, for otherwise I0 ⊂ IL(X) which contradicts the purity of X . Therefore due to (7) the
hypothesis of Lemma 3.6 is satisﬁed for all y ∈ Xl−1 and z ∈ Xl . So by this lemma m = n and hence
J = 0. Next, from the deﬁnition of J it follows that the S-ring A is R-primitive. So by Corollary 2.5
we have rk(A) = 2. Contradiction. Thus J = rad(R). 
S. Evdokimov, I. Ponomarenko / Journal of Combinatorial Theory, Series A 117 (2010) 827–841 8354. Duality
4.1. Let R be a Galois ring of characteristic pn and Rˆ = Rˆ+ the group dual to the group R+ (see
Section 7.2). Clearly,
(
pi R
)⊥ = pn−i Rˆ, i = 0, . . . ,n. (10)
Take χ ∈ Rˆ so that the image of χ contains a primitive pnth root of unity. Then
Rˆ = {χ(r): r ∈ R}
where χ(r) is the character of R+ such that χ(r)(x) = χ(rx), x ∈ R (see e.g. [9]). It follows that the
additively written group Rˆ together with the multiplication deﬁned by the formula
χ(r)χ(s) = χ(rs), r, s ∈ R,
becomes a ring. Its zero and identity elements are the principal character of R+ and the character χ
respectively. We say that Rˆ is the ring dual to R (with respect to χ ). It is a Galois ring isomorphic
to R: the isomorphism is given by r → χ(r) . Clearly,
Rˆ× = {χ(r): r ∈ R×}, rad(Rˆ) = {χ(r): r ∈ pR}. (11)
The image of a group K  R× with respect to the above isomorphism is denoted by Kˆ .6
Theorem 4.1. Let R be a Galois ring of characteristic pn and S = ∅ a pure subset of R. Then
(1) given S ′ ⊂ R \ S there exists χ ∈ Rˆ× such that χ(S) = χ(S ′),
(2) given χ ∈ Rˆ× there exists r ∈ R× such that χ(rS) = 0.
Proof. To prove statement (1) suppose on the contrary that χ(S) = χ(S ′) for all χ ∈ Rˆ× . However,
when χ runs over Rˆ× its extension ψ : QG → C where G = R+ , runs over the set Ψ = ΨQ(G) de-
ﬁned in Theorem 6.1. Thus ξ(S) − ξ(S ′) ∈ ker(ψ) for all ψ ∈ Ψ . Since the group G is homocyclic, by
Theorem 6.1 this implies that ξ(S) − ξ(S ′) ∈ (ξ(I)) where I is the minimal ideal of the ring R . Since
S ∩ S ′ = ∅, the set S is a union of additive I-cosets. Therefore S is not pure, which contradicts the
hypothesis of the theorem. To prove statement (2) let χ ∈ Rˆ× . By statement (1) with S ′ = ∅ there
exists a character χ ′ ∈ Rˆ× such that χ ′(S) = χ ′(S ′) = 0. However, due to (11) we have χ ′ = χ(r) for
some r ∈ R× . Thus, χ(rS) = χ ′(S) = 0. 
4.2. Let A be an S-ring over a Galois ring R , Rˆ the ring dual to R with respect to a character χ
and Aˆ the S-ring over the group Rˆ+ that is dual to A (see Section 7.2).
Theorem 4.2. The ring Aˆ is an S-ring over the ring Rˆ.
Proof. Suppose that χ(s) and χ(t) belong to the same basic set of Aˆ where s, t ∈ R . Then given r ∈ R×
we have χ(s)(rS) = χ(t)(rS), or equivalently
χ(rs)(S) = χ(rt)(S), S ∈ S(A).
Since χ(rs) = χ(r)χ(s) and χ(rt) = χ(r)χ(t) , this implies that the characters χ(r)χ(s) and χ(r)χ(t) be-
long to the same basic set of Aˆ for all r ∈ R× . Thus the required statement follows from (11). 
6 Since the set Rˆ× = Rˆ \ pRˆ does not depend on the character χ , any S-ring over the ring dual to R with respect to χ is also
an S-ring over the ring dual to R with respect to any other character belonging to Rˆ× .
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Therefore by (10) and (22) we have
I(Aˆ) = {I⊥: I ∈ I(A)}. (12)
Thus A is R-primitive if and only if Aˆ is Rˆ-primitive (as for the R-primitivity see Section 2.1). More-
over, from (12) and Theorem 7.3 we obtain the following statement.
Theorem 4.3. Let A be an S-ring over a Galois ring. Then the ring A is a non-trivial generalized wreath
product if and only if so is the ring Aˆ. More exactly, A satisﬁes the I/ J -condition if and only if Aˆ satisﬁes the
J⊥/I⊥-condition.
Corollary 4.4. Let A be an S-ring over a Galois ring. Then A is pure if and only if so is Aˆ.
Proof. Follows from Theorems 4.3 and 2.11. 
The following theorem shows that an S-ring and its dual are cyclotomic or not simultaneously. This
can be also deduced from the results of [9] by using the well-known 1–1 correspondence between
S-rings and translation association schemes.
Theorem 4.5. Let A = Cyc(K , R) where K  R× . Then Aˆ = Cyc(Kˆ , Rˆ).
Proof. Let X ∈ Orb(Kˆ , Rˆ). Then given χ1,χ2 ∈ X there exists r ∈ K such that χ1 = χ(r)2 . Since S = rS
for each basic set S of A, this implies that
χ1(S) = χ(r)2 (S) = χ2(rS) = χ2(S), S ∈ S(A).
So A′  Aˆ where A′ = Cyc(Kˆ , Rˆ). On the other hand, rk(Aˆ) = rk(A) = rk(A′). Thus Aˆ = A′ . 
5. Pure S-rings over a Galois ring
In this section we prove the following theorem.
Theorem 5.1. Let A be an S-ring over a Galois ring R of odd characteristic. Suppose that A is pure and
rk(A) 3. Then A is pure cyclotomic.
Proof. We need two lemmas.
Lemma 5.2. In the conditions of Theorem 5.1 we have I(A) = I(R).
Proof. Let char(R) = pn and I = pR , J = pn−1R . By Corollary 4.4 the S-ring Aˆ over the Galois ring Rˆ
is pure. So from Theorem 3.7 it follows that pRˆ is an Aˆ-ideal. By formulas (10) and (12) this implies
that J ∈ I(A). On the other hand, from Theorem 3.7 it follows that I ∈ I(A). Therefore I(A) = I(R)
for n  2. If n  3, then rk(AR/ J ) > 2 because π J (I) is a proper AR/ J -ideal. Thus by induction we
conclude that I(AR/ J ) = I(R/ J ). Since J is the minimal ideal of R , it follows that I(A) = I(R). 
Lemma 5.3. Let A be an S-ring over a Galois ring R and K  R× . Suppose that I(Aˆ) = I(Rˆ) and
Orb(K , R×) ⊂ S∗(A). Then any pure orbit of the group Kˆ in Rˆ belongs to S∗(Aˆ).
Proof. Let X1 be a pure orbit of the group Kˆ . Then X1 = χ Kˆ1 for some character χ1 ∈ Rˆ . Denote
by X the basic set of Aˆ containing χ1 and set X2 = χ Kˆ2 where χ2 ∈ X . Since I(Aˆ) = I(Rˆ), the set
Y = Rˆ×χ1 belongs to S∗(Aˆ). This implies that X ⊂ Y whence it follows that χ1,χ2 ∈ Y , and hence
X1, X2 ⊂ Y .
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the action is semiregular, given S ∈ Orb(K , R×) and s ∈ S we have
χi(S) =
∑
r∈K
χi(rs) =
∑
r∈K
χ
(r)
i (s) = as(Xi), i = 1,2,
where s(Xi) is deﬁned by (21) with G = Rˆ+ , S = Xi and χ being the character of G corresponding
to s. On the other hand, as S ∈ S∗(A) the deﬁnition of the dual S-ring implies that χ1(S) = χ2(S).
Thus s(X1) = s(X2) for all s ∈ R× . Now due to the purity of the set X1, from statement (1) of The-
orem 4.1 applied to Rˆ and X1, X2 it follows that X1 = X2 and hence χ2 ∈ X1. However, χ2 is an
arbitrary element of X . Thus X ⊂ X1 and we are done. 
From Lemma 5.2 it follows that
I(A) = I(R). (13)
By Corollary 2.3 this implies that the basic set of A containing 1R , say K , is a subgroup of R× and
Orb
(
K , R×
)⊂ S(A). (14)
Moreover, due to (12) and (13) we have I(Aˆ) = I(Rˆ). So by Lemma 5.3 any pure orbit of the group
Kˆ belongs to S∗(Aˆ). However, since the S-ring A is pure, the group K and hence the group Kˆ are
also pure. So by Corollary 3.4 all orbits of Kˆ are pure. Thus Aˆ  Cyc(Kˆ , Rˆ), and consequently by
Theorem 4.5
A Cyc(K , R).
This shows that any orbit of K is a union of basic sets of A. Therefore to prove that A = Cyc(K , R) it
suﬃces to verify that these basic sets are equal.
Suppose on the contrary that S1 and S2 are distinct basic sets contained in an orbit of the group K .
We observe that since the orbit is pure, these sets are also pure (see the beginning of Section 2.3).
Therefore, by Theorem 4.1 (with S = S1 and S ′ = S2 for statement (1), and with S = K for state-
ment (2)) there exist a character χ ∈ Rˆ and a set T ∈ Orb(K , R×) such that
χ(S1) = χ(S2), χ(T ) = 0. (15)
On the other hand, due to the supposition and (14) we have S1, S2 ⊂ rad(R). Since ξ(S1), ξ(T ) ∈ A
and T ⊂ R× , this implies that the product ξ(S1)ξ(T ) belongs to the subset A ∩ span(R×) of the ring
ZR+ , and hence it is K -invariant. Taking into account that S2 = rS1 for some r ∈ K , we conclude that
ξ(S1)ξ(T ) = ξ(rS1)ξ(rT ) = ξ(S2)ξ(T ).
Applying χ to both sides of this equality we obtain a contradiction with (15). 
6. A theorem on characters
The following statement on representations of a homocyclic p-group is a generalization of [11,
Proposition 2.7].
Theorem 6.1. Let G be a homocyclic ﬁnite group of exponent pn, n  1, and let K ⊂ C be a ﬁeld linearly
separated from Q[w] over Q where w is a primitive pnth root of unity. Denote by Ψ = ΨK (G) the set of all
K -epimorphisms ψ : KG → K [w]. Then⋂
ψ∈Ψ
ker(ψ) = I K (G0) (16)
where G0 = Gpn−1 and IK (G0) is the ideal of KG generated by ξ(G0).
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principal irreducible character of this group. So ψ(ξ(S)) = 0 for all S ∈ G/G0. Since I K (G0) is the
linear span of the elements ξ(S), this implies that I K (G0) ⊂ ker(ψ). Thus I K (G0) is a subset of the
left-hand side of (16).
To prove the converse inclusion we need two auxiliary lemmas. Below given f , g ∈ G we set
α f (g) =
∣∣{ψ ∈ Ψ : f −1g ∈ Hψ}∣∣
where Hψ = {g ∈ G: ψ(g) = 1}.
Lemma 6.2. If gG0 = g′G0 , then α f (g) = α f (g′) for all f ∈ G \ {g, g′}.
Proof. Due to the homocyclicity of G the group Aut(G) acts transitively on the elements of the same
order. Since obviously (Hψ)σ = Hψσ for all σ ∈ Aut(G) where ψσ is the element of Ψ taking ξ to
ψ(ξσ ), we conclude that
o
(
f −1g
)= o(( f ′)−1g′) ⇒ α f (g) = α f ′(g′)
for all f , f ′ ∈ G where o(x) denotes the order of x ∈ G . This proves the required statement because
o( f −1g) = o( f −1g′) unless f ∈ {g, g′}. (Indeed, if o( f −1g) > p, then obviously o( f −1g) = o( f −1g′),
whereas otherwise o( f −1g) = o( f −1g′) only if f = g or f = g′ .) 
Let ξ =∑g∈G ag g be an element of KG. Denote by C the group of all pnth roots of unity in C. For
c ∈ C and ψ ∈ Ψ set
Ac =
∑
g∈G∩ψ−1(c)
ag .
Lemma 6.3. Suppose that ξ ∈ ker(ψ). Then for each S ∈ G/G0 the number Aψ(g) does not depend on g ∈ S.
Proof. Denote by ψ0 : KC → K [w] the epimorphism identical on the group C . Since the restriction
of ψ to G induces an epimorphism from G to C , there exists a unique epimorphism ϕ : KG → KC
such that ψ = ϕ ◦ ψ0. By the lemma hypothesis this implies that ϕ(ξ) ∈ ker(ψ0). Therefore taking
into account that G ∩ ϕ−1(c) = G ∩ ψ−1(c) for all c ∈ C , we conclude that the right-hand side of the
obvious formula
ϕ(ξ) =
∑
g∈G
agϕ(g) =
∑
c∈C
( ∑
g∈G∩ϕ−1(c)
ag
)
c =
∑
c∈C
Acc
also belongs to ker(ψ0). On the other hand, from [11, Proposition 2.7] it follows that
ker(ψ0) = I K (C0) = spanK
{
ξ(T ): T ∈ C/C0
}
(17)
where C0 is the group of pth roots of unity. Thus for each C0-coset of C the number Ac does not
depend on the choice of c in this coset (we used that ψ(G0) = C0). The lemma is proved. 
To complete the proof of the theorem suppose that ξ belongs to the left-hand side of (16). To
prove that ξ ∈ I K (G0) it suﬃces to verify that given S ∈ G/G0 the number ag does not depend on
g ∈ S . First, we observe that given g ∈ G we have∑
ψ∈Ψ
Aψ(g) =
∑
ψ∈Ψ
∑
h∈gHψ
agh =
∑
f ∈G
α f (g)a f .
If g′ ∈ gG0, then from Lemma 6.3 it follows that Aψ(g) = Aψ(g′) and hence∑
f ∈G
α f (g)a f =
∑
f ∈G
α f
(
g′
)
a f . (18)
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αg(g)ag + αg′(g)ag′ = αg
(
g′
)
ag + αg′
(
g′
)
ag′ .
Since obviously αg(g) = |Ψ | = αg′ (g′) and αg′ (g) = αg(g′), we conclude that
(|Ψ | − αg(g′))(ag − ag′) = 0. (19)
However, when ψ runs over Ψ the group Hψ runs over the set of all maximal homocyclic subgroups
of G of exponent pn . Therefore
⋂
ψ∈Ψ Hψ = {1}, and hence αg(g′) < |Ψ | whenever g = g′ . By (19)
this shows that ag = ag′ and we are done. 
7. S-rings over a ﬁnite group
7.1. Let G be a ﬁnite group. A subring A of the group ring ZG is called a Schur ring (S-ring, for
short) over G if it has a (uniquely determined) Z-basis consisting of the elements ξ(X) = ∑x∈X x
where X runs over a family S = S(A) of pairwise disjoint non-empty subsets of G such that
{1} ∈ S,
⋃
X∈S
X = G and X ∈ S ⇒ X−1 ∈ S.
We call the elements of S the basic sets of A and denote by S∗(A) the set of all unions of them
and by H(A) the set of all subgroups of G in S∗(A). The elements of S∗(A) and H(A) are called
A-subsets of G (or A-sets) and A-subgroups of G respectively. The number
rk(A) = dimZ(A)
is called the rank of A.
Let H  G and X ⊂ G . Then X is a disjoint union of the sets
XH,x = X ∩ Hx
where x runs over a right transversal of G by H . On the other hand, obviously ξ(H)ξ(XH,x) =
|XH,x|ξ(Hx). Thus if H ∈ H(A) and X ∈ S(A), then
|XH,x| = |XH,y|, x, y ∈ X (20)
(the coeﬃcient of ξ(X)ξ(H) in ξ(X) coincides with |XH,x| for all x ∈ X ).
Let H ∈ H(A). Then {X ∈ S: X ⊂ H} is the set of basic sets of an S-ring over the group H . This
S-ring is denoted by AH . If the group H is normal and π : G → G/H is the quotient epimorphism,
then {π(X): X ∈ S} is the set of basic sets of an S-ring over the group G/H . This S-ring is denoted
by AG/H .
Deﬁnition 7.1. Let A be an S-ring over a group G and let L,U be subgroups of G . We say that A
satisﬁes the U/L-condition if the following three conditions hold:
(1) L  U and L is normal in G ,
(2) L,U ∈ H(A),
(3) LX = XL = X for all X ∈ S(A) with X ⊂ G \ U .
If, moreover, L = {1} and U = G , we say that A satisﬁes the U/L-condition non-trivially.
An S-ring A satisfying the U/L-condition was called in [11,12] the wedge product of the S-rings
AU and AG/L . It should be noted that the authors in [4] independently introduced the external oper-
ation of the generalized wreath product of two S-rings which produces exactly the S-rings satisfying
the U/L-condition.
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trivially contains special non-trivial automorphisms. By deﬁnition a permutation f ∈ Sym(G) is an
automorphism of A if 1 f = 1 and the elements xy−1 and x f (y f )−1 belong to the same basic set of
A for all x, y ∈ G . Below the group of all automorphisms of A is denoted by Aut(A).
Theorem 7.2. Let A be an S-ring over a group G that satisﬁes the U/L-condition. Then given a mapping
t : G/U → L with t(U ) = 1, the permutation x → x t(Ux) of G belongs to Aut(A).
Proof. Follows from [5, Lemma 5.6] for f1 = idU and f2 = idG/L . 
7.2. Let A be an S-ring over a ﬁnite abelian group G and Gˆ the group dual to G , i.e. the group of
all irreducible C-characters of G . Given S ⊂ G and χ ∈ Gˆ set
χ(S) =
∑
s∈S
χ(s). (21)
Characters χ1,χ2 ∈ Gˆ are called equivalent if χ1(S) = χ2(S) for all S ∈ S(A). Denote by Sˆ the set
of classes of this equivalence relation. Then the submodule of ZGˆ spanned by the elements ξ(X),
X ∈ Sˆ , is an S-ring over Gˆ (see [2, Theorem 6.3]). This ring is called dual to A and is denoted by Aˆ.
Obviously, S(Aˆ) = Sˆ . Moreover, rk(Aˆ) = rk(A) and
H(Aˆ) = {H⊥: H ∈ H(A)} (22)
where H⊥ = {χ ∈ Gˆ: H  ker(χ)}. It is also true that the S-ring dual to Aˆ is equal to A.
Theorem 7.3. Let A be an S-ring over an abelian group G. Then the ring A is a non-trivial generalized wreath
product if and only if so is the ring Aˆ. More exactly, A satisﬁes the U/L-condition if and only if Aˆ satisﬁes the
L⊥/U⊥-condition.
Proof. Since (1G)⊥ = Gˆ and G⊥ = 1Gˆ , it suﬃces to verify only the second part of the theorem. To
do this suppose that A satisﬁes the U/L-condition for some U , L ∈ H(A). Then U⊥, L⊥ ∈ H(Aˆ) and
U⊥  L⊥ . Therefore to verify that the S-ring Aˆ satisﬁes the L⊥/U⊥-condition it suﬃces to prove that
given a basic set Xˆ ⊂ Gˆ \ L⊥ of Aˆ we have Xˆψ = Xˆ for all characters ψ ∈ U⊥ . By the deﬁnition of the
dual S-ring all we need to verify is that given χ ∈ Xˆ and ψ ∈ U⊥ we have
χ(S) = χψ(S), S ∈ S(A). (23)
Let us consider two cases. If S ⊂ U , then by the choice of ψ we have ψ(x) = 1 for all x ∈ S . Therefore
χ(S) = χψ(S). Now, suppose that S ⊂ G \ U . Since the ring A satisﬁes the U/L-condition, it follows
that the set S is a union of cosets by the group L. On the other hand, since χ ∈ Xˆ ⊂ Gˆ \ L⊥ , we see
that ker(χ) ⊂ L. Besides, since ker(ψ) U  L, we also have ker(χψ) ⊂ L. However, it is well known
that χ ′(L) = 0, and hence χ ′(xL) = 0 where x ∈ G , for any character χ ′ ∈ Gˆ such that ker(χ ′) ⊂ L.
Thus χ(S) = 0 = χψ(S). This proves equality (23). The converse statement follows from the direct
one and the equalities (L⊥)⊥ = L and (U⊥)⊥ = U . 
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